Abstract. For any quasi-Fuchsian 3-manifold M which contains an incompressible closed surface with principal curvatures in the range of (−1, 1), we use method of geometric evolution equations to prove that it admits a unique foliation of constant mean curvature surfaces on M . Applications include uniqueness of prescribed constant mean curvature surfaces, and an upper bound for the hyperbolic volume of the convex core of M .
Introduction
Foliations of geometrically interesting hypersurfaces of codimension 1 are important objects in the study of differential geometry and mathematical physics. In particular, fibers of constant mean curvature hypersurfaces are highly desired. We are particularly interested in the situation when the ambient space is three dimensional, and the foliations under the consideration of this paper are of closed surfaces: the foliation of equidistant surfaces (from a given smooth embedded surface) and the foliation of constant mean curvature surfaces (or CMC foliation).
The topic of existence and/or uniqueness of CMC foliation in 3-manifolds has been extensively studied, and such foliation often reflects the global geometry and topology of the ambient space. Even the existence of an incompressible minimal surface can reveal a lot of structures on the 3-manifold (see for example [31] , [28] ). In the settings of asymptotically Euclidean space, Huisken-Yau ( [18] ) proved existence of a CMC foliation near infinity. The case of asymptotically hyperbolic was investigated in the works of Rigger ([27] ), and Neves-Tian ( [24] , [25] ), and more recently Mazzeo-Pacard ( [23] ). A corollary of the theorem of Mazzeo-Pacard is the existence and uniqueness of a CMC foliation in the ends of any geometrically finite quasi-Fuchsian 3-manifold.
Throughout this paper, we assume M is a quasi-Fuchsian hyperbolic 3-manifold. Topologically, it is a product of a closed surface by the real line, i.e., M = S × R, where we always assume S is a closed Riemann surface of genus g ≥ 2. We call such a closed surface incompressible in M if the surface represents the homotopy group of M . We also exclude the situation when M is Fuchisian, in which case, most theorems here are trivial.
For quasi-Fuchsian 3-manifolds, we import a convenient notion introduced by ), the almost Fuchsian 3-manifolds, i.e., the manifold M which contains a minimal surface whose principal curvatures are in the range of (−1, 1). The almost Fuchsian manifolds form a very special class of quasi-Fuchsian manifolds ( [32] ), and the dimension of the almost Fuchsian manifolds are of the same as the quasi-Fuchsian space ( [34] ). In a very influential paper, Schoen-Yau ( [31] ) showed the existence of an immersed minimal surface in any quasi-Fuchsian 3-manifold M , and Uhlenbeck ( [34] ) showed this minimal surface (in the convex core of M ) is the unique embedded minimal surface in M when M is almost Fuchsian. In this case, the second named author ( [35] ) proved M admits a unique CMC foliation.
Definition 1.1. A closed surface S is called almost minimal if its principal curvatures are in the range of (−1, 1), and a quasi-Fuchsian 3-manifold M nearly almost Fuchsian if it contains an incompressible almost minimal surface.
Almost minimal surfaces are very special in low dimensional topology ( [29] ). It is conjectured by Thurston that every complete hyperbolic 3-manifold of finite volume has immersed almost minimal surfaces. In M , surfaces defined by equidistant from a given almost minimal surface contains no singularity (as seen in §3.1). This simple fact is of great importance to our work. Our first theorem is: Our convention of mean curvature is the trace of the second fundamental form, i.e., sum of two principal curvatures. There is an equivalent notion in geometry which uses half of that sum as the mean curvature.
An immediate application of the theorem 1.1 is letting c = 0: [29] , it was reported that Ben Andrews was able to deform an almost minimal surface into a minimal surface. We are not able to locate Andrews' paper, but it appears that he did not obtain a CMC foliation of M . One can choose an incompressible almost minimal surface on M and deform it via the mean curvature flow to find the minimal surface in M . In order to obtain a foliation throughout M , we have to require our mean curvature flow to be volume preserving: the deformation preserves the hyperbolic volume of the 3-manifolds formed by a portion of M which are between a given incompressible surface and the deformation surfaces under the flow.
For an almost Fuchsian 3-manifold M , we obtain estimates of the surface areas for fibers in foliations. These estimates tell us geometric structures of the ambient space M , for instance, its convex core C(M ). We can bound the induced surface areas of incompressible surfaces which are fibers of the equidistant surfaces from the minimal surface in C(M ). Let
be the hyperbolic area of a closed Riemann surface of genus g ≥ 2.
Proposition 1.4. Suppose M is almost Fuchsian, and {S(r)} r∈R is the foliation formed by equidistant surfaces from the unique embedded incompressible minimal surface S(0). Let |S(r)| be the area of the surface S(r). Then,
The convex core of a hyperbolic quasi-Fuchsian 3-manifold is a crucial part of the manifold M . It is the smallest convex subset of a quasi-Fuchsian manifold that carries its fundamental group. From the point of view of hyperbolic geometry, the convex core contains all the geometrical information about the quasi-Fuchsian 3-manifold itself ( [7] ). As a direct application, we obtain an upper bound for the hyperbolic volume of C(M ), in terms of the maximum of the principal curvatures on the minimal surface S(0): Theorem 1.5. If M is almost Fuchsian, and let λ 0 = max
For λ 0 close to 0, Theorem 1.5 measures how close M is to being Fuchsian. We prove our theorems via techniques in geometric evolution equations, in other words, we use the volume preserving mean curvature flow developed by Huisken ([15] , [16] , [17] ). Intuitively, such a flow "averages" the mean curvature function on a surface, and obtain a limiting surface of constant mean curvature. This technique has been developed into a powerful tool in understanding surfaces in Riemannian and semi-Riemannian manifolds (see, for example, [4, 12, 15, 18, 24, 25] , and many others).
Here is a (very) simplified version of the proof of Theorem 1.2: starting with an arbitrary incompressible almost minimal surface S in M , we "shift" S = S(0) to obtain a family of smooth surfaces S(r) by the means of equidistant from the initial surface S(0); the principal curvatures of this equidistant surfaces can be controlled (see §3.1); on each fiber of S(r), apply volume preserving mean curvature flow to obtain a CMC surface and show these surfaces are embedded and form a foliation of M (see §3.2); controlled mean curvatures of the equidistant foliation can be carried into the deformation and hence we can control the mean curvatures of the new CMC foliation to obtain the surfaces of prescribed constant mean curvatures (see §3.3).
Plan of the paper. We provide background material in section 2, where we fix our notations and define necessary terms. Section 3 is devoted to prove our main theorems. In section 4, we consider several applications of our results, including area and mean curvature estimates of fiber surfaces in the foliations, and an upper bound for the hyperbolic volume of C(M ).
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Background
This section is divided into three subsections. In §2.1, we review some basic facts on hyperbolic 3-manifolds and Kleinian groups. In §2.2, we recall the formulas and equations related to surfaces as hypersurfaces in a hyperbolic 3-manifold. In §2.3, we record the necessaries of techniques of evolution equations, in our case, the volume preserving mean curvature flows.
2.1. Quasi-Fuchsian Three Manifolds. A hyperbolic 3-manifold M is a complete Riemannian manifold of constant curvature −1, and we assume M has no boundary. Its universal covering space is H 3 , whose isometry group is PSL(2, C). A subgroup of PSL(2, C), denoted by Γ, is called a Kleinian group if it is a finitely generated and torsion free discrete subgroup. Γ is associated to M if M = H 3 /Γ, with π 1 (M ) = Γ. In this paper, we always assume that Γ is parabolic free, i.e., it does not contain any parabolic element. The limit set of Γ, denoted by Λ Γ ⊂ C = C ∪ {∞}, is the smallest closed Γ-invariant subset of C. The open set Ω Γ = C \ Λ Γ is called the domain of discontinuity. Γ acts properly discontinuously on Ω, and the quotient Ω/Γ are finite union of Riemann surfaces of finite type.
For any Kleinian group Γ, it is called quasi-Fuchsian if its limit set Λ lies in a Jordan curve. In this case, M is called a quasi-Fuchsian hyperbolic 3-manifold. The convex hull of the limit set Λ, denoted by Hull(Λ), is the smallest convex subset in H 3 whose closure in H 3 ∪ C contains Λ. The quotient space C(M ) = Hull(Λ)/Γ is called the convex core of M .
Topologically, M = S × R. Every quasi-Fuchsian 3-manifold can be constructed via Bers' simultaneous uniformization theorem ( [5] ), with a pair of Riemann surfaces in Teichmüller space as the conformal boundaries. The correspondence between Kleinian groups and low dimensional topology is extremely rich and complex, where one can find many references in articles such as [1, 6, 22, 33] .
We are interested in using minimal surfaces as parameters for the quasiFuchsian space. Fundamental results in harmonic maps of Sacks-Uhlenbeck and Schoen-Yau ( [30, 31] )) can be applied to various hyperbolic manifolds, in particular, quasi-Fuchsian 3-manifolds. Dimension three is very special, since the branch points never occur in this case ( [13] ). They ( [30, 31] ) showed there exists an immersed area minimizing incompressible surface Σ in M . If the principal curvatures of the minimal surface are in the range of (−1, 1), then this minimal surface is unique, and it is an embedded incompressible surface in M ( [34] ). Moreover, M admits a unique foliation of constant mean curvature surfaces ( [35] ).
2.2.
Geometry of Surfaces in Three Manifolds. We recall from the introduction that a surface is almost minimal if its principal curvatures are in the range of (−1, 1). We assume M is nearly almost Fuchsian, i.e., it contains an almost minimal surface S. Note that we do not know yet if M contains an incompressible minimal surface. In this subsection, we construct a family of equidistant surfaces from S, and collect necessary facts about this family, similar to the construction of Uhlenbeck's equidistant foliation ( [34] ) on an almost Fuchsian 3-manifold.
Let S be an incompressible almost minimal surface on the nearly almost Fuchsian manifold (M,ḡ αβ ). The curvature tensor of M is given by
and the induced metric on S is then g ij (x) = e 2v(x) δ ij , where v(x) is a smooth function on S, and with the second fundamental form
where {e 1 , e 2 } is a basis on S, and ν is the unit normal field on S, and ∇ is the Levi-Civita connection of (M,ḡ αβ ).
Let λ 1 (x) and λ 2 (x) be the eigenvalues of the second fundamental form A(x) of S. We have |λ j (x)| < 1 for j = 1, 2. They are the principal curvatures of S, and we denote H(x) = λ 1 (x) + λ 2 (x) as the mean curvature function of S.
We can construct a normal coordinate system in a collar neighborhood of S. More precisely, suppose x = (x 1 , x 2 ) is a coordinate system on S, and choose ε > 0 to be sufficiently small, then the (local) diffeomorphism
induces a coordinate patch in M . Let S(r) be the family of equidistant surfaces with respect to S, i.e.
The induced metric on S(r) is denoted by g(x, r) = g ij (x, r), and the second fundamental form is denoted by
The curvature tensor R αβγδ of (M,ḡ αβ ) has six components, which are not completely independent because of Bianchi identities. In the collar neighborhood of S, these components can be classified into three groups:
(1) there are three curvature equations of the form R i3j3 = −g ij , here 1 ≤ i, j ≤ 2, (2) two of remaining curvature equations have the form R ijk3 = 0, which are called the Codazzi equations, and (3) the Gauss equation
This enables us to solve for g(x, r) explicit, and the solution is essentially due to Uhlenbeck ([34] ), though S is a minimal surface in her case. We collect this into the following lemma:
. Let the isothermal metric on S be given by e 2v(x) I, where v(x) is a smooth function on S and I is the 2 × 2 unit matrix, and let
be the second fundamental form of S with respect to the isothermal metric, then the induced metric g(x, r) on S(r) has the form
where r ∈ (−ε, ε).
Proof. At each point (x, r) ∈ S(r), direct computation shows that the curvature equations R i3j3 = −g ij has an explicit form
Therefore we obtain a first order system of differential equations
with the initial data h i j (x, 0) = e −2v(x) h ij (x) for each x ∈ S, where h i j = g ik h kj . Then we get the solution
Since g(x, 0) = e 2v(x) I, we get the explicit solution as in (2.1).
A direct consequence is the following:
Corollary 2.2. The induced metric on S(r) is non-singular for small ε such that r ∈ (−ε, ε). When the initial surface S is almost minimal, then g(x, r) contains no singularity for all r ∈ (−∞, +∞).
The formula (2.1) also makes it possible to calculate various curvatures on S(r), which we will proceed in §3.1. These quantities are very crucial to our estimates of the mean curvatures of the CMC foliation on M .
The following lemma is the well-known maximum principle for tangential surfaces in Riemannian geometry which we will need: Lemma 2.3. Let Σ 1 and Σ 2 be two hypersurfaces in a Riemannian manifold, and intersect at a common point tangentially. If Σ 2 lies in positive side of Σ 1 around the common point, then H 1 < H 2 , where H i is the mean curvature of Σ i at the common point for i = 1, 2.
2.3. Volume Preserving Mean Curvature Flow. Our methods of proving main theorems involve geometric evolution equations, in particular, the volume preserving mean curvature flow equations developed by Huisken and others.
As before, we assume M is nearly almost Fuchsian and contains an incompressible almost minimal surface S whose principal curvatures are denoted by λ 1 (x) and λ 2 (x). Let F 0 : S → M be the immersion of S in M such that S 0 = F 0 (S) is contained in the positive side of S and is a graph over S with respect to n, i.e. n, ν ≥ c > 0, here n is the normal vector on S and ν is the normal vector on S 0 and c is a constant depending only on S 0 .
We consider a family of smoothly immersed surfaces in M , for each r,
For each t ∈ [0, T ), we write S t = {F (x, t) ∈ M | x ∈ S} as the evolving surface at time t with initial surface S 0 .
Abusing some notations, we define some quantities and operators on S t :
• the induced metric of S t : g = {g ij };
• the second fundamental form of S t : A = {h ij };
• the mean curvature of S t with respect to the normal pointing to S: H = g ij h ij ; • the square norm of the second fundamental form of S t :
• the covariant derivative of S t is denoted by ∇ and the Laplacian on S t is given by ∆ = g ij ∇ i ∇ j .
We add a bar on top for each quantity or operator with respect to (M,ḡ αβ ). We consider the volume preserving mean curvature flow ( [17] ):
with F (·, 0) = F 0 , where
is the average mean curvature of S t , and ν is the normal on S t so that −ν points to the surface S. One easily verifies that the volume of the region bounded by the reference surface S and the evolving surfaces S t is independent of t. Huisken proved the short-time existence of the solutions to the equation (2.2), and moreover, the blow-up of the norm of the second fundamental forms if the singularity occurs in finite time. Our major goal, in §3.2, is to show the long-time existence of the solutions to the flow equation (2.2) in the case of M being an almost Fuchsian 3-manifold.
Nearly Almost Fuchsian 3-Manifolds
In this section, we always assume M is an nearly almost Fuchsian 3-manifold, and S is an incompressible almost minimal surface on M whose principal curvatures are given by λ 1 (x) and λ 2 (x) with |λ j (x)| < 1 for all x ∈ S and j = 1, 2. Theorem 1.2 is established in steps as follows:
(1) We foliate M by equidistant surfaces S(r) from any given almost minimal surface S, and estimates principal curvatures and mean curvatures for each fiber in §3.1; (2) For each S(r), we analyze the volume preserving mean curvature flow equation (3.5) , and show that the solution exists forever in §3.2; (3) We show the long time solution converges (exponentially fast) to a smooth embedded surface S ∞ (r) for each fiber S(r), and they form a CMC foliation on M , with increasing mean curvatures; This is also done in §3.2; (4) We estimate the mean curvatures of S ∞ (r) to show, in §3.3, that M is in fact almost Fuchsian, i.e., the principal curvatures of the unique minimal surface are in the range of (−1, 1).
3.1. Foliation of Equidistant Surfaces. We will proceed by foliating the nearly almost Fuchsian 3-manifold M by an equidistant foliation S(r) consisting of surfaces equidistant from the surface S = S(0):
Theorem 3.1. M admits two foliations which can be described as below:
• one is a codimension two totally geodesic foliation G such that each leaf is a bi-infinite geodesic perpendicular to S; • the other is a codimension one foliation H including S as a leaf, such that each leaf S(r) is an equidistant surface which is almost minimal.
Proof. We import our notations from §2.2. The isothermal metric on S is given by e 2v(x) I, let A(x) = [h ij (x)] 1≤i,j≤2 be the second fundamental form of S defined by h ij = − ∇ ν e i , e j , where {e 1 , e 2 } is the basis on S and ν is the normal vector field on S. By Lemma 2.1, the induced metric on S(r) is
Since we have λ 1 , λ 2 ∈ (−1, 1), then an elementary calculation shows that
Thus H = {S(r) | r ∈ R} is the codimension one foliation of M . For each x ∈ S, the map γ x : R → M defined by r → exp x rν(x) is a bi-infinite geodesic in M , and G = {γ x (R) | x ∈ S} is the codimension two totally geodesic foliation. The second fundamental form A(x, r) = [h ij (x, r)] of S(r) with respect to the induced metric g(x, r) is
We denote the principal curvatures of S(r) by µ 1 (x, r) and µ 2 (x, r). They are the solutions of the equation det[h ij − µg ij ] = 0, which is equivalent to the following characteristic equation:
Using the identities, on S, Tr(e −2v A) = λ 1 + λ 2 and det[e −2v A] = λ 1 λ 2 , the characteristic equation has the following form
whose solutions are
Since |λ j | < 1, then |µ j (·, r)| < 1 for all r ∈ (−∞, ∞), j = 1, 2. Each S(r) is then almost minimal.
Based on an observation of Ren Guo, if we assign θ j (x) such that λ j (x) = tanh(θ j (x)), then the formula (3.2) becomes µ j (x, r) = tanh(θ j + r).
Now we have the equidistant foliation {S(r)} r∈R on M , with S(0) = S, and with principal curvatures µ j (x, r) expressed as in formula (3.2). It is then routine to verify: H(x, r) = 2(1 + λ 1 λ 2 ) tanh r + (λ 1 + λ 2 )(1 + tanh 2 r)
and the average mean curvature of S(r) is given by
here h is the average mean curvature of S and κ is the average exterior curvature of S, i.e.
The principal curvatures µ j (x, r) and mean curvatures H(x, r) for the fiber S(r) satisfy the following:
(1) For fixed x ∈ S, µ j (x, r) is an increasing function of r. Moreover, µ j (·, r) → ±1 as r → ±∞; (2) For fixed x ∈ S, H(x, r) is an increasing function of r. Moreover, H(·, r) → ±2 as r → ±∞.
Among the fibers S(r), there is one fiber of the least area:
Among all equidistant surfaces, the one with average mean curvature zero is the only one with the least area.
Proof. Without of lost of generality, we assume that the average mean curvature of S(0) is zero. The area element dµ(r) of S(r) is
here dµ is the area element of the base surface S, therefore the area of S(r) is
We calculate the r-derivative of |S(r)| to find d dr |S(r)| = 2(sinh r)(cosh r)
Since 1 + λ 1 λ 2 > 0, the area |S(r)| is an increasing function when r > 0, while a decreasing function when r < 0.
We keep in mind that this least-area fiber is the fiber that will evolve to the minimal surface in M via the volume preserving mean curvature flow (3.5).
3.2.
Foliation of Constant Mean Curvature Surfaces. We fix r > 0 for the fiber S(r) for now, let F r 0 : S → M be a smooth embedding such that F r 0 (S) = S(r), and let F r : S × [0, T ) → M be a family of smooth surfaces. Recall from §2.3 the volume preserving mean curvature flow equation is
where ν r (·, t) is the normal vector on the surfaces S t (r) = F r (·, t)(S), h r (t) is the average mean curvature of S t (r). Under the flow (3.5), we can find evolution equations for many quantities on S t (r) such as the metric g ij , the second fundamental form h ij , the normal vector field ν, the mean curvature H and the squared norm |A| 2 , etc. Here we removed up-index r in the formulas for convenience, since r is fixed. We list two such evolution equations, which will be used to prove our theorem.
Lemma 3.4 ([18]). The evolution equations for H and |A| 2 are of the form
where ∆ and ∇ are the Lapalcian and the gradient operators on S t , respectively.
Let ℓ(p) = ± dist(p, S) for all p ∈ M , where ± dist(·, ·) means if p is above S then we choose + sign, otherwise − sign, this is a signed distance function. Then we define the height function u and the gradient function Θ on S t :
for all (x, t) ∈ S × [0, T max ). Here T max is the right endpoint of the maximal closed time interval on which the solution to (3.5) exists. It is easy to see that the surface S t becomes a graph over S if Θ > 0 on S t .
The evolution equations for u and Θ have the following forms ( [4] , [10] ):
where ∇ is the gradient operator with respect to the hyperbolic metric, div is the divergence on S t , and N (H) is the variation of mean curvature function of S t under the deformation vector field n.
We need the following technical lemma:
Lemma 3.5. The height function u is uniformly bounded for t ∈ [0, T max ).
Proof. At each t ∈ [0, T max ), let x(t) ∈ S t and y(t) ∈ S t be the points such that
(y(t), t).
Since Θ = n, ν = 1 at F (x(t), t), we have h − H = ∂u ∂t ≥ 0. Since S(r) is a foliation on M , there are two fibers S(r 1 ) and S(r 2 ) with r 1 < r 2 such that they are tangent to the surface S t . By the maximum principle (see Lemma 2.3), we have
Similarly, at the point F (y(t), t), we have
H.
Thererfore, we have the inequality (3.12) min
As t → T , we have three cases:
Case (i) and (ii) could not happen, since the flow is volume preserving. Case (iii) could not happen, or we would get 2 ≤ −2, a contradiction.
This lemma bounds the evolving surfaces S t (x, r) by two fibers S(r 1 ) and S(r 2 ), which effectively provides a pair of "barrier surfaces" for the flow equation (3.5) . With this, we can bound derivatives of the square norm of the second fundamental form A r t (x), which will prove the long-time existence for (3.5): Proof. Our strategy is to prove by contradiction. If T max < +∞, then we show the flow can be extended a little further.
The induced metric on S t can be written in terms of u and its derivatives, so the differential equation (3.10) is a quasi-linear parabolic equation. As long as u is uniformly bounded for all t ∈ [0, T max ), then the standard regularity results in quasilinear second order parabolic equations ( [21] , [20] ) state that
for all l = 1, 2, . . ., where {K l } ∞ l=1 is the collection of constants.
In particular, since Θ = 1/ 1 + |∇u| 2 ([16]), we have Θ ≥ C 2 > 0 and |∇Θ| 2 ≤ C 3 < ∞, where C 2 and C 3 are two constants depending only on the initial data S(r).
For some small σ > 0, we define f σ = |A| 2 /Θ 2+σ and find:
(3.13)
By [10] and [9] , we have the estimates:
where C 4 and C 5 are constants depending only on S(r). Now similar to the proof of Proposition 3.13 in [35] , since −σC
dominates the evolution equation (3.13), we can show that f σ is uniformly bounded, and therefore |A t | 2 is uniformly bounded. Then by Theorem 4.1 in [17] , the derivatives |∇ m A| 2 are uniformly bounded for all m ≥ 1. If T = T max < ∞, the limit S T = lim t→T S t is well defined because of Lemma 3.5. Uniform bounds on the square norm of A t and its derivatives imply that S T is a smooth surface ( [14] ). Therefore we consider a new volume preserving mean curvature flow with new initial surface S T , and it is standard (see Chapter 6 of [8] ) that this flow has a short-time solution, which contradicts the assumption that T is maximal. This implies T max = ∞. Now we can denote (3.14)
as the limiting surface of the flow. It is well defined since {S t } 0≤t<∞ are contained in a bounded domain of M (Lemma 3.5). It's smooth since |∇ m A| 2 , m = 0, 1, 2, . . ., are uniformly bounded for t ∈ [0, ∞). It's an embedded surface since it is a graph over S for Θ is uniformly bounded from below for t ∈ [0, ∞). We now show S ∞ (r) is a constant mean curvature surface, and that is completed by importing the estimates in the proof of Proposition 3.15 in [35] , i.e., if (S t (r), g(t)) is a solution to the flow (3.5) for t ∈ [0, ∞), then lim t→∞ sup St(r) |H − h| = 0.
We are now ready to estimate H(S ∞ (r)) and prove the first two parts of Theorem 1.2. Proof. We proceed in four steps.
Step 1. M is covered by the CMC surfaces: M = r∈R S ∞ (r). Since {S(r)} r∈R foliate M and each S ∞ (r) is the limiting surface of the volume preserving mean curvature flow with initial data S(r), and the volume of the domain bounded by S and S ∞ (r) is a continuous function of r. Therefore surfaces {S ∞ (r)} r∈R cover M . Moreover, these surfaces are embedded surfaces since they are graphs of the height functions.
Step 2. The limiting surfaces {S ∞ (r)} r∈R are disjoint. Suppose 0 < r 1 < r 2 , and consider two volume preserving mean curvature flows (3.5) with initial data S(r 1 ) and S(r 2 ), respectively. Let u 1 and u 2 be the height functions of S t (r 1 ) and S t (r 2 ), respectively. Then u 1 (x, 0) < u 2 (x, 0) for all x ∈ S. Assume that surfaces S t (r 1 ) and S t (r 2 ) touch for the first time at T 0 ∈ (0, ∞) and p 0 ∈ M .
Recall that the height functions satisfy the evolution equation (3.10). Let w = u 2 − u 1 , then w ≥ 0, and around p 0 , we have
here we use the fact that h 1 (t) < h 2 (t) since h 1 (0) < h 2 (0) and H(S t (r 1 )) < H(S t (r 2 )) point-wisely, where h 1 (t) and h 2 (t) are the average mean curvature of S t (r 1 ) and S t (r 2 ) respectively. By the strong maximum principle ( [11] , [26] ), this is impossible unless w ≡ 0. But w ≡ 0 implies u 1 ≡ u 2 , which is also impossible since the flows preserve volume. Therefore S t (r 1 ) and S t (r 2 ) are disjoint all the time, and we claim that S ∞ (r 1 ) and S ∞ (r 2 ) are disjoint. In fact, if S ∞ (r 1 ) and S ∞ (r 2 ) are not disjoint, they must be tangent at some point p ∈ S ∞ (r 1 ) ∩ S ∞ (r 2 ), and S ∞ (r 1 ) is below S ∞ (r 2 ) by above discussion, which implies H(S ∞ (r 1 )) ≥ H(S ∞ (r 2 )). On the other hand, since H satisfies the (strictly) parabolic equation
and H(S(r 1 )) < H(S(r 2 )) point-wisely, then by the comparison principle for quasilinear parabolic equations ([21]), we have H(S t (r 1 )) < H(S t (r 2 )) pointwisely for t ∈ [0, ∞). As t → ∞, we get H(S ∞ (r 1 )) ≤ H(S ∞ (r 2 )). But if H(S ∞ (r 1 )) = H(S ∞ (r 2 )), then S ∞ (r 1 ) and S ∞ (r 2 ) must be coincide by the Lemma 2.3. This is impossible, since the volume of the region bounded by S and S ∞ (r 1 ) is not equal to the volume of the region bounded by S and S ∞ (r 2 ). This concludes that S ∞ (r 1 ) and S ∞ (r 2 ) are disjoint, and the mean curvature H(S ∞ (r)) is a non-decreasing function of r.
Step 3. The mean curvature of S ∞ (r), −∞ < r < ∞, is a strictly increasing function of r. Assume otherwise, if H(S ∞ (r 1 )) = H(S ∞ (r 2 )) = h for some 0 < r 1 < r 2 . Then for any r ′ ∈ (r 1 , r 2 ), H(S ∞ (r ′ )) = h, i.e., the region in M bounded by surfaces S ∞ (r 1 ) and S ∞ (r 2 ) is foliated by CMC surfaces of the same constant mean curvature. There are two cases here: h = 0 or h = 0.
In the first case, the surfaces S ∞ (r 1 ) and S ∞ (r 2 ) are minimal surfaces. From the proof of Theorem 3.9, which is independent of this argument, the principal curvatures of the surface S ∞ (r ′ ) are in the range of [−1, 1]. Therefore, it must be unique (see [34, Theorem 3.3] ). Now we are in the case of h = 0. Similar to the discussion in [35, §4.1], choose r 0 ∈ (r 1 , r 2 ) and consider a variation X : S × (−ε, ε) → M of S ∞ (r 0 ) along n such that X(·, t) = S ∞ (r t ) for each t ∈ (−ε, ε), here we choose ε > 0 sufficiently small so that r t ∈ (r 1 , r 2 ) for t ∈ (−ε, ε). Then we define a functional J(t) = A(t) + hV(t), t ∈ (−ε, ε), where A(t) is the area of S ∞ (r t ) and V(t) is the volume of the domain between S and S ∞ (r t ). By the definitions of CMC surfaces in [3, 2] , we must have J ′ (t) = 0 for all t ∈ (−ε, ε), which implies that A(t) + hV(t) is a constant for t ∈ (−ε, ε). But this is impossible since A(t) is nondecreasing and V(t) is increasing.
So the mean curvature of S ∞ (r) is a monotonically increasing function with respect to r.
Step 4. Mean curvature bounds. For each fiber in the CMC foliation F = {S ∞ (r)} r∈R of M , the mean curvatures are bounded by mean curvatures of two surfaces in the equidistant foliation {S(r)}, as seen in (3.12), hence bounded in the range of (−2, 2). The asymptotics of H(S ∞ (r)) in r is easy to see: they approach ±2 as r approaches ±∞. This is easy to see, for |r| large, the CMC surface S ∞ (r) can be trapped by a pair of surfaces of the equidistant foliation with mean curvatures approaching ±2 by Proposition 3.2.
For any prescribed constant c / ∈ (−2, 2), if S ′ is an incompressible surface of constant mean curvature c, then there are r 1 < r 2 such that S ′ is tangential to constant mean curvature surfaces S ∞ (r 1 ) and S ∞ (r 2 ), with mean curvatures in the range (−2, 2). This is impossible by applying the Lemma 2.3. 3.3. Nearly Almost Fuchsian is Almost Fuchsian. In this subsection, we complete the proof of Theorem 1.2 by showing that a nearly almost Fuchsian 3-manifold is actually almost Fuchsian. We denote the unique incompressible minimal surface of M by Σ, and its principal curvatures by ±λ(x) for x ∈ Σ. We need to show:
Proof. We still use the equidistant foliation {S(r)} of M , where S(0) = S. Setλ
Without loss of generality, we assume the average mean curvature of S is zero. From Proposition 3.3, S evolves to the minimal surface S ∞ (0) = Σ. Recall from Proposition 3.2 that the principal curvatures µ j of {S(r)} are point-wise monotonically increasing functions with respect to r, therefore there exists a constant r ′ > 0 large enough such that
This implies that |A| 2 (S) < |A| 2 (S(r)) pointwise for all r ≥ r ′ , and |A| 2 (S(r)) is a pointwise monotonically increasing function with respect to r ≥ r ′ . Now applying the comparison principle to (3.7), we have |A| 2 (S t (0)) < |A| 2 (S t (r)) pointwise for all r ≥ r ′ and |A| 2 (S t (r)) is a pointwise monotonically increasing function with respect to r ≥ r ′ . Since {S t (r)} r∈R forms a foliation of M at each time t ∈ [0, ∞), we have
Thus |A| 2 (S t (r)) < 2 for all r ≥ r ′ because of the monotonicity property and
As t → ∞, we get |A| 2 (S ∞ (0)) ≤ 2. Therefore Σ is a minimal surface of principal curvatures ±λ in the range of [−1, 1], and we obtain a family of equidistant surfaces Σ(s) from the minimal surface Σ. This family is an equidistant foliation for M because the induced metrics (2.1) contains no singularity when |λ| ≤ 1 ( [34] ).
Suppose p ∈ Σ with λ(p) = 1, then for any s ∈ R, by formula (3.2), the principal curvatures of Σ(s) at point (p, s) stay 1 and −1, therefore the mean curvature stays zero for all s ∈ R. Taking s to ±∞ to obtain 0 = ±2. This contradiction completes our proof.
Applications on Almost Fuchsian 3-Manifolds
Now that Theorem 1.2 is proved, throughout this section, we will assume M is almost Fuchsian but not Fuchsian, {S(r)} r∈R and {S ∞ (r)} r∈R are the equidistant foliation and CMC foliation on M , respectively, with S(0) = S the incompressible minimal surface of M . We wish to obtain information about M via S. In §4.1, we prove several geometrical properties of S and {S(r)}, as well as {S ∞ (r)} and in §4.2, we obtain new upper bounds for the hyperbolic volume of the convex core of M . 4.1. Surface Area and Mean Curvature Estimates. We record principal curvatures of the minimal surface S by ±λ and −1 < λ < 1, and |S| be the intrinsic area for the surface S.
We start with a naive estimate which implies the area of the minimal surface under the induced metric from ambient space is comparable to that of the hyperbolic area, with universal constants:
Proof. We apply the Gauss equation:
where K(S) is the Gaussian curvature of S and h is the second fundamental form. Thus −K(S) = 1 − det(h) = 1 + λ 2 . We integrate this on S, applying the Gauss-Bonnet theorem, to find
We want to estimate the area of S(r). The area element is given by dµ(r) = (cosh 2 (r) − λ 2 (x) sinh 2 (r))dµ where dµ is the area element for S. Proof. This can be easily seen from two elementary points: S is the least area surface, and volume preserving mean curvature flow decreases the surface area.
We can refine the estimates on the mean curvatures of S(r) in Proposition 3.2 to the following: Proposition 4.4. |H(S(r))| ≤ 2| tanh r| < 2.
Proof. We only prove the part when r > 0. The mean curvature of the surface S(r) is given by (4.2) H(x, r) = 2(1 − λ 2 (x)) tanh r 1 − λ 2 (x) tanh 2 r , ∀ x ∈ S .
An easy calculation shows
H(x, r) − 2 tanh r = 2λ 2 tanh r(tanh 2 r − 1)
It is interesting to compare this estimate with the mean curvature of S ∞ (r): Proposition 4.5. |H(S ∞ (r))| ≤ 2| tanh(r)| < 2.
Proof. We again only prove the part when r > 0. This estimate is a direct consequence of the Corollary 3.10 in [35] . For some r 1 < r, h(t) = h t (x, r) ≤ 2(1 − Λ − (x)) tanh(r 1 ) 1 − Λ − (x) tanh 2 (r 1 ) ,
where Λ − = min x∈S λ 2 (x) ≥ 0. Taking t → +∞ to complete the proof.
4.2.
Upper Bound for the Convex Core Volume. We obtain an upper bound for the hyperbolic volume of C(M ) in this subsection, in terms of the maximum, λ 0 , of the principal curvature function on the minimal surface S. We recall from formula (3.2) that the principal curvatures of the surface S(r), µ 1 (x, r) and µ 2 (x, r) are increasing functions of r for fixed x, and they both approach ±2 as r → ±∞. We also have µ 1 (x, r) ≤ µ 2 (x, r) for fixed r and x. We are particularly interested in two critical cases: the values of r when µ 1 (x, r) = 0 and µ 2 (x, r) = 0.
We denote r 0 the value of r such that µ 1 (r, x) > 0 for all r > r 0 , simple algebra shows that r 0 = 1 2 log 1 + λ 0 1 − λ 0 , where λ 0 = max x∈S {λ(x)}. Similarly −r 0 is the value for µ 2 (r, x) < 0 such that µ 2 (r, x) < 0 for all r < −r 0 . We denote the portion of M bounded between the surfaces S(−r 0 ) and S(r 0 ) by M (r 0 ), and it is easy to see that the convex core of M , which we denote by C(M ), is contained in M (r 0 ). Since S(r) foliates M , we can compute the volume of M We note that our formula here is different than that of [19] . Applying the Proposition 4.1, we obtain an estimate of the volume of convex core of M , i.e., This completes the proof of the Theorem 1.5. When r 0 , or equivalently, λ(x) = 0 for all x ∈ S, this is the case of M being Fuchsian, in which case, from Theorem 4.6, the hyperbolic volume of C(M ) is zero. We want to measure how the volumes vary for small λ 0 . From Taylor series expansion we have 
